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Abstract 

We study Higgs branch localization of Y = 2 supersymmetric theories placed on compact 
Euclidean manifolds. We analyze the resulting localization equations in detail on the four-sphere 
and find that in this case the path integral is dominated by vortex-like configurations as well as 
singular Seiberg-Witten monopoles located at the north and south pole. The partition function is 
written accordingly. 
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1 Introduction 

After it was understood in [t|^ how to apply localization techniques mM to perform exact com¬ 
putations of partition functions and vacuum expectation values of supersymmetric operators in 
supersymmetric quantum field theories defined on compact Euclidean manifolds, a wealth of exact 
computations in theories defined on a variety of geometries in a variety of dimensions has become 
^See also [2] for related earlier work. 
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available, see for example [5H33]. Such exact, non-perturbative results can be put to excellent use in 
precision tests of various non-perturbative dualities, but their applications are much richer. Indeed, 
recently a lot of research has been conducted on interpreting and applying the wide variety of exact 
results available, resulting in an impressive list of both physical and mathematical developments. 
To name a few, the Af = (2, 2) 5^ partition function [5l[6] computes the exact Kahler potential 
on the quantum Kahler moduli space of Calabi-Yau manifolds |34H36j . the M = 2 partition 
function [nHn is essential in the F-theorem m. and the partition function of four-dimensional 
M = 2 theories placed on an ellipsoid mm equals, for theories of class 5, a Liouville/Toda cor¬ 
relator |38ll39j . while for superconformal theories it also computes the Kahler potential on the 
super conformal manifold |361I4U| . 

Localization computations are based on the observation that in the path integral of a super- 


symmetric theory one can add Q-exacJ^ deformations to the action without changing the resulting 
partition function. For a positive semi-definite such deformation, one can then easily argue that a 
one-loop computation around its zeros is exact. The canonical choice of deformation term has as its 
zeros certain configurations involving the (bosonic) vector multiplet fields, while all matter multi- 
plet fields are set to zero. Typically, these configurations take the form of arbitrary constant values 


for the vector multiplet scalars or holonomies around circles 1^ The path integral then collapses to a 
finite-dimensional matrix integral over this classical Coulomb branch, hence the localization based 
on the canonical deformation term is called Coulomb branch localization. 

Upon choosing a particular additional deformation term (or equivalently, by changing the inte¬ 
gration contour of the auxiliary fields in complexified field space) and if certain conditions on the 
parameters of the theory hold, the localization locus instead consists of a finite number of discrete 
Higgs vacua, where matter multiplet scalars can acquire a vacuum expectation value solving the 
D-term equations, accompanied by infinite towers of non-perturbative point-like Higgs branch con¬ 
figurations - e.g., vortices or Seiberg-Witten monopoles - located at special points in the geometry. 
Such a Higgs branch localization computation was first performed in AA = (2, 2) theories on the 


two-dimensional sphere las], and later applied in and extended to two [7], three 




, four 


and five [H] dimensional theories C 

In this paper, we apply the Higgs branch localization technique to AA = 2 supersymmetric 
theories placed on compact Euclidean manifolds. We derive the general localization equations 
and subsequently study their solutions in detail on the four-sphere On this geometry, the 


^Here Q denotes a particular supercharge of the theory, which in general is not nilpotent. Then the precise 
statement is that one add to the supersymmetric action S a deformation term J QV, for some fermionic functional 
V satisfying f = 0. 

®In the presence of homological two-cycles in the manifold, also a sum over magnetic fluxes will occur. The 
integration over holonomies around circles is a particular instance of the more general case which entails integra¬ 
tion/summation over the space of flat connections. In higher-dimensional examples, also (point-like) instanton con¬ 
figurations will appear as zeros of the canonically chosen deformation term. 

"^These results are closely related to the factorization results initiated in | 45| . and extended and generalized 
in I46H52]. 
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Higgs branch localization locus is given by vortex-like configurations and singular Seiberg-Witten 
monopoles centered at the north and south pole of The appearance of the latter can be 
understood intuitively as follows: locally around the north and south pole, the theory looks like 
the (anti-) topologically twisted theory with hypermultiplets. The localization locus of the latter 
theory is described by the Seiberg-Witten monopole equations (or their non-abelian version, he., 
the generalized monopole equations), which follows immediately by imposing the ZD-term equations. 
In the localization computation on the four-sphere, the effect of the additional deformation term is 
precisely to impose the ZD-term equations, while the gauge symmetry is generically broken to the 
maximal torus by one of the other BPS equations. Finally, we compute the resulting Higgs branch 
localized ellipsoid partition function. As a byproduct, we formulate a prediction for an interesting 
relationship between the instanton partition function and the Seiberg-Witten partition function, 
which capture the equivariant volume of the instanton moduli space and Seiberg-Witten moduli 
space respectively. 

The rest of this paper is organized as follows. In section [2] we derive the general Higgs branch 
localization equations of AZ = 2 supersymmetric theories. In section [3] we find various classes of 
solutions on S^. Next, in section UJ we compute the Higgs branch localized partition function. 
Finally, in section [5l we match the Coulomb branch and Higgs branch localized results in a simple 
example. Appendices and [B] summarize our conventions and recall the generalized Killing spinor 
equations and supersymmetry multiplets and variations. Appendix O studies the locally almost 
complex structure one can dehne using the Killing spinor solutions. Appendix [D] finally contains 
some useful specihcs about the ellipsoid. 

Note. There has recently appeared a paper on the arXiv claiming to perform Higgs branch 
localization on [53]. Our results are signihcantly different from theirs. Throughout the paper 
we will point out the major points of disagreement. 

2 BPS Equations 

In localization computations, the path integral is localized to the zeros of a positive semi-definite 
deformation term Sdef. = f QH satisfying f Q^V = 0. In this section we introduce the relevant 
deformation terms and derive the resulting BPS equations characterizing their zeros for AZ = 2 
theories placed on manifolds admitting solutions to the generalized Killing spinor equation (jB.ip and 
auxiliary equation (lB.2p . We restrict our attention to Killing spinors satisfying the orthogonality 
conditions (IB.231) guaranteeing that no scale or I7(l}r transformations appear in Q^. We also 
indicate how the equations simplify for the case of the ellipsoid S^. 
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2.1 Vector Multiplet 

The canonical deformation Lagrangian for the vector multiplet is given by [n i22j^ 


= QTr 


(QA,„)t + (QAf)t A“ 


/’VM 


= Tr 


bos. 


(QA,„)t Q\j^ + (QA“)t QXj 


( 2 . 1 ) 


where one considers the reality properties of various fields as in (IB.Sp . We further introduce the 
notation (j )2 ^ (p — (j) = 2 Me 4> = —2 Me </>, 4>i = icj) + icj) = —2 Im (p = —2 Im cj). 

With the reality properties (IB.5I) . QXj and QXj do not satisfy the symplectic-Majorana condi¬ 
tion, but can be decomposed in “real” and “imaginary” pieces which do: 


QXi = Me QXi + i Im QXj , QXi = Me QXi + i Im QXj . (2.2) 


Explicitly, one finds 

Me QXi = + S^,)) + D^c|>2(y^^h 

Im QXi = 2</>i (5^, - T^,) - (^m</>i) + 2ii[ct>, '^] - iDuC^ 

(2.3) 

Me QXi = -a>^'^ii{F^u + + V)) - {0^,412) a>^^i 

Im QXi = 2</>i(^ - f^,)a^^'^iI - (Il^</.i) a>^^i - 2fj[</>, - WiA^ , 

where the tensor fields and T^u, are introduced in appendix[B] (see (IB.ip and (IB.24p i. 

The bosonic part of the deformation Lagrangian then becomes 


^VM 

'^def. 


bos. 


= Ti¬ 


le QX^ Me QXi) -|- (Im QX^ Im QXi) -|- (Me QXi Me QX^) -I- (Im QXi Im QX^ 


(2.4) 


Using Fierz identities one can straightforwardly obtain (see (jA.Sp i 


/-VM 

-^def. 


bos. 


= Tr 




ss 


{{R^0^412)^ + {R>^D^4>i)^) -{s+ ~s)[4>i,(42f 


-f ^(Me Qxiiv)"^ + Q-Xiiv)'^ + ^(I^e Qx^lu)'^ + ^(11™ QXiiu)‘^ 


(2.5) 


where we defined x^lu = {4,^crfj,iyXi),Xiiu = and used that ReQxnu = (^^o-^i/Ke A/) and 

similarly for Im , Me Qy^i/, Im Qy^ 1 /. Here we used the bilinears s = {4,^4,i),s = (C/?^) and 

®The supersymmetry transformations are summarized in appendix [B] 
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= (^^< 7 “^/). One finds concretely 


Ke QXfiu = -2s{F~^ - 402(7)^1. + S^^)) + 2 (k A dA4>2)~y (2.6) 

Im Qxiiv = 8s4>i{Tf,^ - S^„) - 2 (k A dA4>i)~^u “ (2.7) 

Ke = -2s(F+^ + 402(f),i. + S^u)) - 2 (k A dAh)^ (2.8) 

Im Qx^mu = 8s4>i{ffj,^ - S^„) - 2 (k A dA4>i)^^ + iQ^iDij , (2.9) 


where Qfj = {^icr°‘^^j),Qf’j = (^/d“^^j), the one-form k has components = g^uR'', and dA is 
the gauge covariant exterior derivative. At this point, the general vector multiplet BPS equations 
can be read off as the arguments of the squares (with square rooted prefactors) in (12.51) . 

To perform Higgs branch localization, we add an additional deformation Lagrangian 


£fe" = 2Tt 


H 


IJ 


Aj)) - {^{Aj) 


\QTr 




( 2 . 10 ) 


in terms of a generic adjoint valued, SU{2)tz triplet functional of the hypermultiplet scalars , 
satisfying the reality property Hkl- The second equality follows straightforwardly 

from a Fierz identity. The bosonic piece of the deformation Lagrangian (12.101) is not positive semi- 
dehnite. However, when added to (12.5p . the auxiliary helds H/j, which appear quadratically without 
derivatives, can be integrated out exactly by performing the Gaussian integral. Equivalently, one 
substitutes the Djj field equation 


rIJ 



s + s 





( 2 . 11 ) 


To derive this result, we made use of the fact that {k A X)~^ = i0^^’^'^(KA for arbitrary 

one-form A thanks to a Fierz identity. Note also that we have effectively taken Djj away from its 
purely imaginary integration contour. Substituting back (I2.11j) in (j2.5j) -l- (j2.10j) . we hnd the following 
new sum of squares 


/•VM I p 


S -k S 


bos. SS 


- (s + ~s)[ct2iA2f 


1 . 1 „ 1- 1 


+ 77 QXpu - -^HiJ^pv) + ^(^® QXpv + 


IJ\2 


As 

1 

4s 

1 

4s 




1 


-2 (k a dA(pi)i^^ + 4>iQuu ( ~ ^ 


-2 {k a dA(l)i)tu - ( dJij -(—r(s wjj -k s wij) 


/ flU 


s -k s 
1 


s -k s 


( 2 . 12 ) 


where we used the convenient tensors 


WIJ = , WIJ = - V). 


(2.13) 
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2.2 Hypermultiplet 

The canonical deformation Lagrangian for the hypermultiplet is given by 


cHM _ ri 




c 


VM 

def. 


bos. 


maA)^Q^aA + {Qn)^Q^i . (2.14) 


One can split QipaA and “real” and “imaginary” pieces, with respect to complex conju¬ 

gation as in (IB.Sp . using the canonical reality properties for qjA, but anti-canonical ones for Fja 


(see (IB.9I) , with (jB.lSp ) Q 


Me QiI^a = -2af^i^D^qiA - cr^^D^i^qiA - 2i^-^(/>2 • qiA (2.15) 

Im QV’a = -2i ■ QiA - C^'Fj/a^ (2.16) 

Me QipA = -2d^"i^D^qiA - a^^D^^^qiA + 2i^-^(/>2 • qiA (2.17) 

Im Q^a = -2i ■ qiA - Fpj^ , (2.18) 


which are set to zero to obtain the BPS equations. Multiplying the BPS equations following from 
the imaginary pieces with respectively, and taking their sum and difference using (IB.141) , 

one obtains 

{s + s)(j)i-qiA = ^, -^(s - s)0i • , (2.19) 

where Similarly, the real equations imply that 

0 = 2e^^R^^D^qiA + 4 - QU'S^^) qiA + ie-^\s - s)c^2 • qiA ■ (2.20) 

2.3 BPS Equations on Ellipsoid 

For the specific case of the ellipsoid S^, one can use the fact that (see appendix [Dll 


s -f s = 1 , WlJ = WIJ , 


( 2 . 21 ) 


to simplify the deformation Lagrangian (I2.12p to 


z’ V IVi I ^ 

^S^def. “T ^5;)def. 


= (D^0i)2 + - [(^ 1 ^ 2 ? 

bos. SS 


+ ^ — 4:4>2{T^u + Sf^u)) + 2 {k A dA4>2)^^ — 

+ ^ (-2s(F+ + 402(T^. + V)) -2{kA dA02)+ + 


( 2 . 22 ) 


®The hypermultiplet transformation rules can be found in appendixThe notation is also explained there. 
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Here we also used that ^ 

arguments of the squares in (j2.22p are the e’ 


1 2 


1 2 


(k + I [(«^ A The 

lipsoid BPS equations, which are supplemented by the 


Djj equation of motion (12.lip , which simplifies to 


. (2.23) 

The hypermultiplet equations are given by 

0 = -2a^^i^Dfj,qjA - - 2.1^^<t>2 ■ QiA (2.24) 

0 = -2a^^^D^qiA - a^D^i^qiA + (f)2 ■ qiA (2.25) 

0 = 4>i- qiA (2.26) 

0 = FpA ■ (2.27) 


Equation (I2.20p also still holds. 

3 BPS Solutions 

In this section, we study the solutions to the ellipsoid BPS equations derived in subsection 12.31 
Depending on the choice of Hu, we find different classes of solutions. For simplicity, we work on 
the round four-sphere S'^; the generalization to the ellipsoid is expected to be straightforward, but 
technically somewhat involved. 

3.1 Coulomb Branch 

Let us start by recalling the standard Coulomb branch localization locus, obtained by solving the 
BPS equations for Hjj = 0. It was argued in mm that the solution sets all hypermultiplet fields 
to zero, while the smooth vector multiplet solution reads 

0 = (p 2 = Afj, , 4>i = a , Du = -iawij , (3.1) 

for a a constant, which can be chosen to lie in the Cartan subalgebra. Additionally, since s = 
sin^ ^,s = cos^ ^ vanish at the north pole {p = 0) and the south pole {p = vr) respectively, we see 
from (I2.22P (with T = T = 0 on the round four-sphere) that at the north pole the equations on 
the held strength relax to F~^ = 0 and at the south pole to F~ = 0, allowing for point-like (anti-) 
instantons. 

Before studying the solutions that become available upon turning on Hjj we introduce some 
notation. The A = 1 (A = 2) components of the hypermultiplet transform in representations 91 (^) 
of the combined gauge and flavor group (see also appendix [B]) . We introduce a vector multiplet 
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for this combined symmetry group, whose gauge group components are dynamical while its flavor 
group components are background, and denote its scalars as <l)i,<h 2 - To preserve supersymmetry, 
the background components need to satisfy the vector multiplet BPS equations of subsection 12.31 
(for Hij = 0). In particular, from (13.11) . it is clear that one can give a vev to the background 
piece of ‘hi (and the background auxiliary field) which corresponds to turning on a (real) mass 
for the hypermultiplet0 Decomposing 91 into irreducible representations of the gauge group as 
93 = QjTij, we have concretely + ruj, ^ 2 \nj = <^ 2 ^^ where ruj is a mass for the U{1) 

flavor symmetry carried by the hypermultiplet transforming in gauge representation TZj(TZj). 

We choose 

Hu = -^gWu - i Y, rij. (<li{> n, I'-il + vf Kj li?) . (3-2) 

j,a. 

where the sum runs over the irreducible gauge symmetry representations TZj and its generators . 
Furthermore, C is a dimensionless adjoint-valued parameter defined as C = X]h“ u(i) where the 
sum runs over the generators /i“ of u(l) factors of the Lie algebra of the gauge group, and are real 
parameters. It will turn out to be useful to split the parameter in two pieces as = Cvac. + Csw’ 
with Cvac.iCsw same sign, and define HfY = Hjj + 


3.2 Deformed Coulomb branch 

The deformed Coulomb branch is characterized by vanishing hypermultiplet scalars. Then, using 
that 

= -SsSf,^ - SsSf,^ , = dK~^ , = -dn^^ , (3.3) 

which are a direct consequence of the generalized Killing spinor equations on the four-sphere 
one can write the vector multiplet equations as 


0 = 0^4)1 = [ 01 , 02 ] = R^Df,(l)2 

0 = + 2{kA dA02)“^ - 02dK“^ + ^Cdn-,, (3.4) 

0 = - 2 (k A dAh)^^ + (42dK,'l;^ + ' 

Notice that on S'^ one can explicitly verify that 

icos‘^^dK~ = — sin/9(e'^ A k) , isiY^dY = sin/?(e'^ A k)"*" . (3.5) 

^Note that from 1331 one sees that giving a vev to (j >2 is not BPS on the four-sphere. Hence it is impossible to 
turn on the standard flat space hypermultiplet complex masses while preserving supersymmetry, contrary to what 
was claimed in [53]. 



With this fact, it is easy to check thatn 

A = , </>2 = cos p , 01 = o , Du = wij . (3.6) 

for constant o is a solution. Again, a can be diagonalized. On top of this smooth Abelian solution, 
we again can have point-like (anti-) instantons located at the poles of the sphere. 

3.3 Higgs Branch and Seiberg-Witten Monopoles 

Higgs-like solutions They are characterized by the requirement that Hfj^ vanishes. The vector 
multiplet equations then reduce to the deformed Coulomb branch equations of the previous sub¬ 
section with deformation parameter Cvac.j and have the solutions (13.61) . The value of Cvac. will be 
hxed momentarily. In particular, the held 0i is a diagonal, constant matrix. Its values are further 
constrained by the hypermultiplet equation (|2.26p . i.e. <I>i -qiA = 0. The combined set of equations 

0 = (0^ + m,) • gg , 0 = ^WJJ + z r“dj, (gg gg + g? gg) (3.7) 

j,a 

are in fact the standard vacuum equations of an AA = 2 supersymmetric theory in the presence of an 
Fl-parameter. Their solutions strongly depend on the choice of gauge and matter representations 
of the hypermultiplets. We will be interested in cases where generic masses and generic Fayet- 
Iliopoulos parameters completely break the gauge group. More precisely, we restrict ourselves to 
cases where the hrst vacuum equation in (13.7p uniquely determines the components of 0i in terms 
of the rrij, and moreover where all components take distinct values, thus breaking the gauge group 
G to its maximal torus 1/(1)''®'“*^*^. The hypermultiplet scalars taking on a vacuum expectation 
value further break these U{l)s via the Higgs mechanism. One arrives at a discrete set of Higgs 
vacua. It is clear then that after the gauge group is broken to 1/(1)“''^“’^it is sufficient to analyze 
a U{1) gauge group with a single flavor, which, up to rescaling of U{1) charges, we can take to be 
fundamental. We will do so henceforth. 

Let us consider the particular example of a U{Nc) gauge group with Nf > Nc fundamental 
hypermultiplets. Then it is well-known that the vacuum equations have (^■^) solutions, essen¬ 
tially differing by the choice of Nc out of the Nf hypermultiplets to acquire a vev. For positive 
value of CsW) and choosing the first Nc hypermultiplets, one solution is given concretely as 0i = 
-diag(mi,..., tunJ and for j = 1,... , Nc, = 0 for j = A'c + 1, • • •, Nf, and 

Qja = 0, where a denotes the gauge index and we introduced the standard notations q = qj=i^A=i, 
and q = qj=i^A =2 (see also (jB.lOp i. while for negative values of 0 the q get a vev. The 17(1) vacua 
can be obtained as a special case. 

®Note that m set to zero all 02 dependence. However, it is easy to verify that it is crucial to keep 02 to have a 
deformed Coulomb branch configuration satisfying the Bianchi identity. As we will see, the existence of the deformed 
Coulomb branch solution is in turn crucial to find Higgs banch solutions. 
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To complete the Higgs-like solution, we should still make sure that (12.241) and (12.251) are satisfied. 
On the round sphere, their combination ()2.2n|) simplifies to 

2e'^^R^D^qiA - W^^qiA + ie'^\s - s)4>2 ■ qiA = 0 , (3.8) 

which can be decomposed in terms of the scalars q,q^ as 

2R^^D^q + jq + i{s - s) (j )2 q = 0 , 2R>^Dfj_q^ - jq^ + i{s - s) (p 2 = 0 , (3.9) 

and their complex conjugates. It is clear that in the vacuum where (only) q gets a vev, these 
equations are solved for ^vac. = +6, while if q gets a vev, one finds Cvac. = —6. It is straightforward 
to verify that then also (j2.24p and (j2.25p are solved. 

Smooth “(m, n)-vortex” solutions Let us now relax the constraint HfY = 0 and study more 
general smooth solutions with non-zero We will focus on generalizing the vacuum solutions 

where C is positive and thus q acquires a vev, knowing that the case where C is negative and q gets 
a vev can be treated completely similarly. Let us further denote the deformed Coulomb branch 
configuration for Cvac. as Hvac. = ^Cvac.^, and (</) 2 )vac. = ^Cvac. cosp. The smooth solutions we 
are about to uncover carry winding around the circles parametrized by and y, and thus have 
their combined core at the north pole and the south pole. In fact, they resemble the standard 
two-dimensional vortex solutions, and as in that case, we do not have an analytic expression for 
the solution, but study its behavior in the far away region, and near the core. It is trivial to verify 
that away from the north and south pole one has the solution g = 0 and 

A = Hvac. - rndip - ndx , q = ^ ^ (02)vac. , (3.10) 

while (^1 still takes its vacuum value determined in terms of the masses. This solution is valid in 
the region derive momentarily. 

To analyze the behavior around the north pole and south pole, we study the vector and hyper- 
multiplet equations to linear order in p or vr — p respectively. The geometry is approximated by flat 
C^. Indeed, around the north pole p = 0 and with ri = ip cos 6 and r 2 = ^psin0 the metric simply 
becomes 

ds^ = dr\ + r^dip^ + dr^ + r^dx^ ■ (3-11) 

®The smooth configurations of this paragraph and the singular Seiberg-Witten configurations of the next are 
missiirg in [53]. 
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The hypermultiplet equations read for g = 0 


0 = [D^ + + i{riDr^ + r2T>r2)] Q + C>{p^q) 


0 = 

0 = 


q + 0{p^q) 


- Dip H- Dy^ + i(—r2-Dr’i + 'fiDr2') 

,ri r2 

i{-l + 14>2) + ^ {Dp + T>x “ *(n-Dr-i + r2Dr^)) 


q + 0{p\) 


while the vector multiplet equations can be written as 


(3.12) 

(3.13) 

(3.14) 


C\ — fP — p 
^ rir2 


Fpr2 — 


/? — 


rir2 ri 

n rf+r2 
r\r2 r2 
2i rf + 

4>2 . C 


c 

202-7 -2T 2 + ^a^ra) 02 

t rf + r| 

C 4^^ 

202 - -7 - 2, 2 + ^20r2) 02 

^ + ^2 


+ o{p^) 
+ o{p^) 


Fipr-l — ^1 ( r, « + .. /70 ) r, ( ) 


2^ 4^2 
02 , C 


1 / ?’2 ^'1 


ri r2 


Fxr2 — ^2 ( „„ + .„9 r, ( 


2^ 4^2 


1 /ri 


^■2 


r2 ri 


pr2 + 0{p ) 

+ o{p^), 


X^l 


(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 


where we omitted terms involving \q'p‘ and constant times rj(ri 0 j,i 02 + ^ 20 r 2 02 ) for i = 1 or 2, 
which assuming smoothness can only contribute at order p^ or higher. Furthermore, we wrote the 
equations in such a way as to highlight the vortex-like behavior in the planes {ri,(p) and {r2,x) 
evident in equations (|3.12l) . (|3.18l) and (I3.12p . (l3.19p respectively if = Fpr 2 = 0. 

One finds the solntion to the full set of equations (I3.12p - (I3.19I) for p^ = <C gg^((^ 2 (m+n) 
be g = 0 and 


A - ^vac. = + m-hn] (rfdcp + r^dx) 


q = B (r 2 e-^^y 


j. rj. ^ + ^ , 1 

02 - (02)vac. - ^ ^ 


Csw 


+ m + n] (rf + r^) , 


(3.20) 

(3.21) 


for some constant B. Note that m and n are necessarily positive and that = Fp^^ = 0 indeed. 
One can easily estimate the size of these smooth solutions. From (I3.10p . one can find via Stokes’ 
theorem the vorticity of ^ —^vac. carried in the (ri, y?) and {r2,x) planes to be given by —m and —n 
respectively. Then approximating A{F — and A{F — F^^c.)r 2 x functions of height 

~'W + m -|- on disks of radii ei and e 2 respectively, one easily estimates ei « '^■y/ csw+^™+^) 

and €2 ~ sufficiently large valnes of 0sw the smooth solutions squeeze to zero 

size, justifying the first order approximations we made. 

One can similarly analyze the asymptotic behavior near the south pole. One finds in terms of 
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fi = i^-K — p) COS 9 and f 2 = t-{'K — p) sin 6 

A - Avac. = + m + (ffdip + r^dx) , q = B (f 2 e"*^)” , (3.22) 

(p2 - (<(>2)vac. = ^ ^ (f2 ^ (3,23) 

We have constructed solutions to the BPS equations in a small neighborhood around the north 
pole p = 0 and the south pole p = tt. We claim however that for m = 0 the core of the solution 
(defined as the zeros of the complex scalar field q) in fact wraps the two-sphere Sq^q defined by 
0 = 0, and similarly for n = 0 the core wraps the 6 = irj2 two-sphere While heuristically 

clear, such behavior can be argued for rigorously from the full hypermultiplet equations by starting 
in the core at either north or south pole and verifying that any motion along the relevant two- 
sphere keeps q zero, but we won’t do so here. In these cases we thus found a vortex-like object in 
wrapping an S'^. For generic m,n ^ 0 the BPS configurations are a non-trivial superposition 
of the m-vortex near 5 |^q and the n-vortex near with the core lying again on these two 

spheres. The cores overlap at the two intersection points of the two two-spheres, i.e. the north 
pole and the south pole of As we will see momentarily, there are additional point-like solutions 
to the BPS equations supported at these points. 

The approximations made above are valid only in the limit where Csw oo and the solutions 
squeeze to zero size (in the planes carrying winding). For finite values of Csw the solutions will 
require both finite size and curvature corrections. Nonetheless, using the BPS equations, we can 
deduce important properties of the solutions valid for any value of Csw- Namely, since q only 
vanishes in the core of the solution, we find from (13.91) the exact relation, 

2ljiA + (j) 2 {s — s) = + n + 1) . (3.24) 


Moreover, due to the compact nature of S^, the winding numbers m, n are not without restrictions; 
instead, given CsW; they are required to satisfy a certain bound, which we now derive. Consider 
the integral 

J F A *dK = ^ j [F+^dn'i^ + F^^dn'^) . (3.25) 

On the one hand, one can substitute the F^ using the BPS equations, and obtain 


y F A *dK 


1 

2 


602 

£2 





y/gd'^x . 


(3.26) 


On the other hand, observing that d * dn = —3£ ^ ginp (— sin0e^ -|- cos A A e^, it is easy 
to show that (using the fact that any complex line bundle on is trivial, and therefore globally 
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F = dA) 


y F A *dK 


6 ^ ^ j {lrA) y/gd^x . 


Combining the equations (13.261) and (I3.27p . we have 


(3.27) 


6^ ^ y [2LiiA + 02 (s - s)] y/gd'^x < ^ Vol (S"^) , 


(3.28) 


where we used that on the solution ^ — \q\‘^ + Finally, using the exact relation (I3.24p 

which implies that the integrand on the left hand side is constant on S^, we obtain a bound on the 
winding numberJ^ 


m + n + 1 ^ — 
6 


m + n ^ 


Csw 

6 


(3.29) 


For finite (positive) values of 0, only a finite number of smooth “(m, n)-vortex” solutions is sup¬ 
ported on the four-sphere. In particular, when the bound is saturated, the scalar field q (and of 
course q) vanishes and the solution is of the deformed Coulomb branch type. We thus find that 
upon increasing the value of C from zero to inhnity, the Coulomb branch solutions is smoothly 
deformed into the deformed Coulomb branch solution, and additional smooth solutions become 
available each time the bound ()3.29l) is crossed. Such a picture is similar to the Higgs branch 
localization computations of |42H44] . 


Seiberg-Witten monopoles On top of these smooth solutions we find singular solutions sup¬ 
ported only at the north and south pole. Let us focus on the north pole first. In appendix [D] 
we show that there exists an integrable, self-dual complex structure J which is well-dehned in the 
region —{south pole}. Then, taking into account that we are focusing on gauge group G = U{1), 
we can introduce ordinary differential forms a £ and /3 £ dehned as 

a = q, l3 = —s~^q^Qii. ( 3 . 30 ) 

To extract the equations describing the singular conhgurations, we further split off the vacuum 
deformed Coulomb branch solution for ( = ("vac. = 6, he. A = Hvac. +«) 02 = (02)vac. -|-A02. Then, 

^^When instead analyzing the case of negative and thus non-trivial q solutions, and introducing the positive 
winding numbers m, h as in ~ finds the exact relation 2lrA -I- 02 (s — s) = {in -|- h -t 1) and 

the bound —m — n — 1 i => —m — h ^ 
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at the north pole (p = 0), the equations become: 


0 = daa -b d*/3 

(3.31) 

0 = A(/.2a = (A(/.2 + 

(3.32) 

0 = _ la/3 

(3.33) 

.J 1 [CSW , 2A4>2 I |2 , |o|2l 7 

-= 4 i 2 + 1 \a\ +m J, 

(3.34) 


where the superscript denotes the component proportional to the (1, l)j form J. By standard 
arguments, by combining (I3.3ip and (I3.33p . it is easy to show that either a = 0 or /3 = 0. As for 
the smooth solutions, we consider solutions with non-trivial a, which trivially implies that A (/>2 = 0 
(and /S = 0)0 The equations then reduce to the standard Seiberg-Witten equations on [M] . 
see [55] for a nice introduction. Moreover, we demand that the singular solutions share the same 
winding numbers with the smooth solutions found above. 

In the patch containing the south pole, the anti-self-dual complex structure J is well-defined, 
see (|D.8I) . It is then straightforward to derive another set of Seiberg-Witten equations at the south 
pole with respect to this complex structure. 

Solutions (a = a{z,w),l3 = 0) to the Seiberg-Witten equations on ^ can be constructed 

from complex algebraic curves, as discussed in [5B|0 More precisely, given a polynomial p{z,w), 

there exists a solution to the Seiberg-Witten equations such that a{z, w) vanishes on the zeros of 

p and such that near its zeros, a looks like the polynomial to leading order. In particular, given a 

D ^ 

polynomial p {z, tc) = H + bw + Ci) \ the preimage of zero is a collection of D parallel planes 
i=l 

intersecting the u = az + bw plane at points u = —q for i = 1,..., T). The Seiberg-Witten solution 
is now in fact a multi-centered vortex solution in the u-plane with cores at the points u = —Ci of 
local winding di. Note however that the solution is not uniquely determined by the polynomial p, 
but comes with a moduli space. 

We are looking for single-centered solutions with winding numbers matching those of the smooth 

solutions on top of which the singular Seiberg-Witten solution is defined. It is clear then that the 

relevant polynomial is given by p{z, w) = z'^w'^. It will be important later to note that in particular 

when m = 0 or n = 0 we are dealing with a vortex solution in the w or z-plane respectively. 

we had split off the vacuum deformed Coulomb branch solution for = ^vac. = —6, i.e. had considered smooth 
solutions with non-trivial /3, then only (|3.32l) changes. It becomes (A(j )2 — 2£~^)a — A02/3 = 0, thus again setting 

A02 = 0. 

^^We would like to thank Clifford Taubes for communication on this point. 
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4 Computation of the partition function 


To complete the localization computation of the partition function on 5“^, we need to evaluate 
the classical action on and the one-loop determinant of quadratic fluctuations around the BPS 
configurations and subsequently sum/integrate over the space of BPS solutions. Since Hjj is 
introduced through a Q-exact deformation (j2.10p . all (appropriate) choices of Hij should leave the 
partition function invariant. We will see in detail how this expectation works out. 

Since the classical action for the hypermultiplet is Q-exact, we only need to evaluate the Yang- 
Mills action (jB.4p and the Fayet-Iliopoulos action (|B.7p . Furthermore, through an index theorem, 
the one-loop determinants on can be computed straightforwardly mm- 

zZ^opia) = n '^b{ia{a)) , = H Uw{a) + , (4.1) 

aeg wGTi ^ 


where a G g are the roots of the gauge Lie algebra g, w € 7Z are the weights of representation 7Z in 
which the hypermultiplet transforms, and Q = b + b~^, with b = Iji. Here we assumed that the 
(rescaled) equivariant gauge transformation parameter (see (IB.lbp i evaluated at north and south 
pole are equal: 


a = 


2i (^4>s + + 2iR^A^ 


N 


2i (^(j)s -|- + 2iR^A^ 


(4.2) 


Since we are working on we have £ = ^,6=1 and Q = 2. In this section we will keep using 
i and i indicating how our results are naturally generalized to the squashed sphere at the level of 
the partition function. 


4.1 Coulomb branch 

The classical actions evaluated on the Coulomb branch solution (13.11) give 

5ym = ^— Tr , 5 fi = -Trpi a . (4.3) 

9ym 

The gauge equivariant parameter is easily evaluated to be o = y/Ha^ which can be plugged into 
dnp. Taking into account the point (anti-) instantons at north and south pole, the total partition 
function can then be written as 

I ^inst. (x, M, 6, , g) ^ Qgg T,(m(x)) 

rij {i{w{x) + Mj) + f) 

(4.4) 


/ rank G 


z = 


IWI 


dXa 


■ A?— 

^YM 


a=l 
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where Zinst.(^) ^ 1 )^ 2 , q) denotes the instanton partition function [2ll57] . we introduced x = 
and we also included the (rescaled) hypermultiplet masses M. The integrations are along the real 
line. It is furthermore relevant to mention that the poles of the instanton partition function cancel 
against the zeros of the vector multiplet one-loop determinant and thus the integrand only has 
poles originating from the hypermultiplet one-loop determinant. 


4.2 Deformed Coulomb branch 


Let us now consider the case that C 7 ^ 0- Oii the deformed Coulomb branch conhguration (13.61) . the 
classical actions evaluate to 


Sym = ^4^Tv 
9ym 


a + i 


CQ 


uVii, 


5fi = — IGivr^.^t'TrFi o -|- i 




CQ 


(4.5) 


Direct evaluation of (14.21) yields d = '\/u ( a -|- ) . Effectively, the deformed Coulomb branch 

V 12\/dJ 

thus shifts the integration contours in the matrix integral in (14.41) in the imaginary direction x —)• 
X -|- Note that to obtain these simple expression on the squashed sphere, one should apply a 
rescaling of ^ by a fixed function of b and b~^ (which simplihes to 1 for b = b~^ = 1). 

As mentioned before, the ^-dependence is Q-exact and thus should not affect the partition 
function. While for = 0 one indeed recovers the standard Coulomb branch expression (14.4p . 
upon turning on ^ the integration contours are deformed and effectively shifted in the imaginary 
direction. The resulting integral remains equal to the original Coulomb branch integral until one 
crosses one of the poles of the hypermultiplet one-loop determinant. From the bound (13.291) . which 
generalizes to 

mb -\- nb~^ + Q/2 < ^ , (4.6) 

one can anticipate that the positions of the poles will precisely correspond to values of C, for which 
new smooth solutions become available: their contributions as well as those from the Seiberg-Witten 
monopoles will precisely correspond to the residues of the crossed poles. 

We would like to write the partition function in terms of only the contributions of Higgs branch 
conhgurations, i.e. we would like to hnd a regime of parameters for which the deformed Coulomb 
branch contribution vanishes in the limit (C“ —>■ ±oo. Using the asymptotic behavior of 'Ti,{z) for 
large z, which can be derived from the asymptotics of the double gamma function [58], 


log Tb(z) ^z{z - Q) log {z{Q 


z)) + 



z{z 


Q) + 0{logz), 


(4.7) 


where 7 is the Euler-Mascheroni constant, and introducing the U{1) charges of the gauge repre¬ 
sentation TZj as = w{h°') for any weight w of the representation TZj, we find for the leading 
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behavior in the large ( limit 


I integrand I ~ exp 


dim TZj 

288 ^ ^ 




log 




Ca +0(0 


(4.8) 


which arises from the hypermultiplet one-loop determinant. The vector multiplet does not con¬ 
tribute to the asymptotics since it doesn’t carry charge under the C/(l)s. Similarly, only hypermul- 
tiplets transforming in representations TZj with non-zero charges qj°'^ contribute. Finally, note that 
the classical action contributes only at order We thus conclude that if there exists a choice of 
—>■ ±oo such that for a representation TZj one finds J2a ^ ±oo, suppression is achieved. 


4.3 Higgs branch and Seiberg-Witten Monopoles 

For finite values of (, one needs to take into account, apart from the contribution of the deformed 
Coulomb branch configuration analyzed in the previous subsection, also that of the Higgs vacua 
and smooth solutions, satisfying the bound (14.61) . and the point-like Seiberg-Witten monopoles. 
Even though we do not possess the exact expression for the smooth solutions, it is still possib 
evaluate their classical actions exactly using their behavior in the core and the BPS equations 



^ 87r^£i^ i 

JYM = — 2 — Tr OHV + * 

5ym \ 


.mb + nb ^ + Q/2 


S'fi = — 16z7r^££TrFi I ohv + i 


Vii ) 

.mb -|- nb~^ + Ql2 


\/Ji 


(4.9) 

(4.10) 


where ohv denotes the value of in the Higgs vacuum. 

The one-loop determinants for the hypermultiplets not acquiring a vacuum expectation value 
and the off-diagonal vector multiplets (which in fact combine with some of the former into massive 
long vector multiplets through the Higgs mechanism) are straightforwardly obtained by inserting 
the equivariant gauge parameter (14.2p evaluated on the smooth configuration. 


^{m,n) _ ^f ^ .mb + nb -\- Q/2^ ^a 

Ujjv Y ££ I ttHv T ^ ^^ I 1 (^Hl) 

into the one-loop determinants (STD. The rankG hypermultiplets that do get a Higgs branch 

vev combine with the diagonal vector multiplets into massive long vector multiplets as well. The 

computation of their one-loop determinants is more subtle, as is signaled by the divergence of 

the hypermultiplet one-loop determinant upon inserting the equivariant gauge parameter (14.111) . 

This divergence arises since we are considering a point on the Coulomb branch where these hyper- 

^^Note tiiat we are writing the result for the case where all U{1) charges equal one. The generalization is straight¬ 
forward. 
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multiplets are effectively massless. As explained in [^, the computation of the combined vector 
and hypermultiplet system is performed by removing the corresponding zero modes via a residue 
prescription. The total one-loop determinant can thus be written as 


Res [zVM^(a)Z™p(a)] 


(4.12) 


On top of these smooth solutions, we also found point-like Seiberg-Witten monopole solutions 
supported at both the north pole and the south pole, see section 13.31 Their contribution, i.e. 
their moduli space integral, is captured by what one may call - in complete analogy to the (non- 
perturbative) fc-instantoro and m-vortex partition functions - the p{z, r(;)-Seiberg-Witten partition 
function non-pert £iT 2 j <?)) wliich is labeled by the particular Higgs vacuum, denoted by HV, 
and the complex algebraic curves p{z,w) = z^w"', and is a function of the hypermultiplet masses, 
the H-deformation parameters € 1,62 and the exponentiated complexified gauge coupling q = . 

This partition function could in principle be computed by putting the Af = 2 supersymmetric 
theory on H-deformed in the presence of a Q-exact Fayet-Iliopoulos term such that the BPS 
configurations are Seiberg-Witten monopoleJ^. The computation also requires integration over the 
moduli space of Seiberg-Witten solutions. 

At finite values of the total partition function is a sum of the contribution of the deformed 
Coulomb branch of the previous subsection and the Higgs vacua and smooth solutions satisfying the 
bound, as well as the singular Seiberg-Witten monopoles, of this subsection. The latter contribution 
can be written explicitly as 


E 


e ^YM 


Tr % 16 i 7 r 2 ) 


yliV,z^w^ 

■^SW,non-pert 


771, n>0 

rib-i- 21-1- — 

6 ^ 2 - 12 


{M,b,b-\q)f Res teop(a)Z()“op(a)l , 

A _i, ft L J 


(4.13) 


with defined in (|4.1ip and where the modulus squared entails sending q ^ q. It is clear that 


if 




SW,non-pert. 


{M,b,b , q) = ZiastXxmi + i{mb + nb + Q/2), M,b,b %q) 


(4.14) 


then (|4.13l) precisely contributes the residues of the crossed poles, as anticipated in the previous sub¬ 
section. Unfortunately, we are not aware of an independent computation of noEert (-^j 
so instead we put forward (j4.14l) as a prediction. As a particular case of ()4.14p . we find for n = 0 
that Ziast.{xuv+'^{iT^b+Q/2),M, b, b~^,q) equals the non-perturbative piece of the four-dimensional 
N = 2 supersymmetric m-vortex partition function in the H-background. 

one writes the full instanton partition function as ZNekr. = ^pert. then we mean Zk by the (non- 

perturbative) fc-instanton partition function. We employ similar nomenclature for vortex partition functions and 
Seiberg-Witten partition functions. 

^®This setup is quite similar to the one employed to study the two-dimensional vortex partition function, see mi¬ 


ls 











The C —)■ oo limit For ( —>■ +oo, we found around (14.81) that in favorable cases the deformed 
Coulomb branch contribution vanishes. Moreover, in this limit the smooth “(m, n)-vortex” solutions 
were found to squeeze to zero size and their winding numbers are unbounded. The path integral is 
thus dominated by the squeezed vortex solutions as well as the singular Seiberg-Witten solutions. 
We will denote their total resummed contribution in the Higgs vacuum HV rather unimaginatively 


as Z, 


(HV) 


resummed * 

The partition function in this limit is then computed as follows: 


2= E 

Higgs vacua HV 


^(HV) (HV) ^(HV) 

■^cl. 1-loop ^resummed 


(4.15) 


First of all, the summation runs over the finite set of all possible Higgs vacua of the theorjo. The 
real scalar field ())i is solved in terms of the hypermultiplet masses as (l)i = ohv- Let us also introduce 
iCHV = V^ohv- Next, the classical actions in ()4.9p provide weighting factors for 
overall classical factor. The latter is given by 


= exp 


Svr^ 

^YM 


Tr^XHV + *^^ + IbivT^V^TTFi ^XHV + 


(4.16) 


while the weighting factor for the “(m, n)-vortices” and additional singular Seiberg-Witten monopoles 
reads 


-S(HV.m,„) = j-^-^Tr(jb(xHv+*Q/2)m-f m2) ^167r2iV^'TrFi 6m 


X {m) 


-'|Tr(i6 l(^HV-|-*Q/2)n-^n2) ^l67r2i-\/STrFi 6-1^ ^^-^-Tr(mn) 


(4.17) 


Next, the one-loop determinant for the vectormultiplet and the chiral multiplet not acquiring a 


vacuum expectation value are as on the Coulomb branch, but with x 


27ri Res T. ^ 


(ix) 


xhv- The rankG chiral 

rankG 

. Together they 


multiplets getting a vev produce an extra residue factor 

constitute Finally, let us give some more details on can be written schemati¬ 

cally as 


7(HV) 

^ resummed 


E ■ 

m,n>0 


7(HV,m,n) 
^ resummed 


m,n>0 


7HV,2"*U)" 

^SW,non-pert. 


(4.18) 


where is given in (j4.17p and ^^nompert introduced below (I4.12p . 

Recalling the nature of the smooth solutions for n = 0, as a vortex of winding m in the plane 

wrapping an 5^, one can identify ^Le S'^-theoretic m-vortex partition function. 

HV 

Recall that we indeed already identified -^sw’non-pert non-perturbative piece of the m-vortex 

^®Recall from subsection that we restricted our attention to theories with generic masses ensuring the discrete 
nature of the Higgs vacua. 
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Alternatively, partition function 

It has indeed the structure of a Higgs branch localized 
partition function on the two-sphere, see [5l[6l[62]. We will see an explicit example in the next 
section. Similar considerations are valid for m = 0. 


partition function in the H-backgrounc 
of the m-vortex worldvolume theory!^ 


5 Matching with the Coulomb branch integral 


In this section we briefly show that Coulomb branch and Higgs branch localization indeed produce 
the same partition function for the simplest case of a 17(1) theory with Nf fundamental hyper- 
multiplets. The computation amounts to closing the inte grat ion contour in the Coulomb branch 
integral and computing the residues of the encircled poles, o 

We start with the Coulomb branch integral (j4.4p specialized to the 17(1) case 


yUil),Nf 

*6 


dx e ®ym 


\Zir,st.{x,M,b,b ^g)p 
Ojii '^b + Mj) + 


(5.1) 


Nf 

Here the masses satisfy the relation Ylk=iMk = 0 since the flavor symmetry group is SU{Nf). 
Furthermore, the instanton partition function is given by laiST] 


/Nf w{Y) y 

Zinst.(a;,M,ei,e2,g) = ^gl^l Wii{x + Mj)-^^^-f^ + eir + e2s\ 

Y \j=l r=l s=l ^ ^ 

"" e^l^l r,sk r (W - T, - fi(s - r)) r (-fi(s - r + 1)) j 


(5.2) 


as a sum over Young diagrams Y. Each Young diagram Y encodes a non-increasing sequence of 
integers (Yi > Y 2 > ... > Yiy^y) > Yiy^Y)+i = by(y )+2 = ... = 0), where W{Y) is the width of 
the Young diagram. The total number of boxes in the diagram is denoted by |Y|. The instanton 
counting parameter is given by g = , with x = The first factor captures the 

contribution from the hypermultiplets, while the second factor those of the vectormultiplet. We 
denote them by zum and zvm respectively. The latter can be simplified by splitting the infinite 
products over r, s into the four regions r, s < W, and r < VF, s > VF, and r > IF, s < VF, and 
r > IF, s > VF, where IF > 1F(Y) is any integer larger than or equal to the width of the Young 

^^Considering a four-dimensional W = 2 gauge theory with gauge group U{Nc) and Nf > Nc fundamental hy¬ 
permultiplets, the m-vortex worldvolume theory is given by a two dimensional W = (2, 2) gauge theory with gauge 
group U(m) and W fundamental chiral multiplets, Nf — Nc anti-fundamental chiral multiplets and an adjoint chiral 
multiplet |60II61| . Note that the vortex theory contains vortices itself. 

^®The U{N) generalization of this computation has been considered iir [^, which however performs an iircorrect 
truncation of the sum over Young diagrams in the instanton partition function upon plugging in the position of the 
pole. 
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diagram. The last region does not contribute, while various manipulations in the other products 
result in 


ZYM {Y;x,M,b,b ^,q) 

= ('- 52 ') Tl_ - ^1 + Ys)yi _ 

^ ^ + b^^)ys nZ=i (1 + b^s - r) + y. - UZi mr -W- l))y^ ’ 

(5.3) 

where we use the Pochhammer symbol {y)n = 1111^0^(2/ + *) already specified the fl-deformation 
parameters as ei = b, €2 = b~^. 

As discussed around equation (|4.8I) . the contour in (15.11) can be closed in either upper or lower- 
half plane. We choose to close the contour in the upper-half plane and pick up the poles at 

^{m,n) _ _|_ iQ/2 , m, n > 0 , j = 1 ,..., Nf , (5.4) 


which are located at the zeros of the functions in the denominator. Using the shift formula 


Thix - lib- i^b ^ Tb{x) 




fi-l 'y{b{x-{r+l)b)) 
b- 


Or’=0 h-l + 2(x — {r+l)b)b 


n 


(5.5) 


S=0 ^l-2(x-(s+l)6-1)6-1 


valid for positive integers /x,z/ > 0, and with 7 (x) = straightforwardly rewrite the 

one-loop determinants. 

Plugging in the poles in the hypermultiplet contribution to the instanton partition function, 
one finds 


Nf w Yr 

2:hm (Y-,xZ'’'^\M,b,b~^,qJ = jj HU + b{r - {m + 1)) -b b~^{s -{n + 1))) , (5.6) 

k=lr=l s=l 


where we introduced M^j = Mk — Mj. It is clear then that the contribution of diagram Y vanishes 
if and only if it contains a box at coordinates (column, row) = (m -|- l,n -|- 1). Note also that we 
trivially replaced W(Y) with any integer W > WiY). 

In total we then find 


Nf 

yU{l),Nf X ^ yij) y'{j) 7(1) 

54 / y ■^cl. ■^ 1 -loop ■^resummed ’ 

i=i 


(5.7) 
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where 


ryU) 

Z^Y, = exp 


Stt^ 

Sym 


-M,- + S 


Z 


Kj) 

1-loop 


27ri Res (ix) 


x^O 


nfil T. 


iM] 


kj + '2 


+ 16i7r^'\/il^Fi (^~Mj + 


For ^ieimmed fi^d 




U) 


resummed 


E ^ 

m,n>0 


-S, 


U,m,n) 2, 


ij,m,n) 

pert. 


■^SW,non-pert. 


where 


.-S, 


{j,m,n) 


y{j,m,n) 

'^pert. 


yj,Z"'w'^ 

■^SW,non-pert. 


(gg)*b(-^j+*Q/2 )m-—gievr' 




y (^qqY^ ^{-Mj+iQ/2)n-i^n'^ ^qq^j-'^-n 


Tm —1 


n 


TT 7 {b [iMkj — (r + 1) h)) -p-r 7(6 ^ (iMkj (5 + 1)5 ^)) 


hL ^_i+2(iMfej-(r-+l)6)6 -RL ^i-2(^iMkj-(s+l)b 1)6 l 
m—1 n—1 

X (-1)™” ]J {iMkj - (r + 1 ) 6 - (s + 1 ) b~^) ^ 

r =0 s =0 

^ q^^^ZYM {y ; M, b, b~^,q^ zhm (y ; M, b, b~^,q^ , 


(5.8) 

(5.9) 


(5.10) 


(5.11) 


(5.12) 

(5.13) 


where we should insert (j5.3l) and (15.6p in the last line. As discussed below (j5.6l) . the sum over 
Young diagrams Y is effectively truncated to those diagrams whose shape is such that they do not 
contain a box with coordinates (column, row) = (m + 1 , n + 1 ). 


The Special case of n = 0. In the previous section we have argued that for n = 0, -^resmnmed 
should equal the 5^-theoretic m-vortex partition function, or equivalently, the 5^ partition function 
of the m-vortex worldvolume theory. Let us see how these expectations are realized in the concrete 
example at hand. We find 


y{j,m,n=0) ^ ^ij,m,n=0) 

■^resummed '^pert. 


■^SWjnon-pert. 


(5.14) 
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with 


g-%,m.n=0) = gl67r2iV^?Fl6m 


y{j,m,n= 0 ) 

^pert. 


— 2 Nf \ +iQ 12)171— ^m? 


(6-2^/) 


m —1 


n 


_ 7 (- (^ + 1) b"^) _ 

nfil 7(1-^ {^Mkj - (r+ 1 ) h)) ’ 

>c¥=j 


(5.15) 

(5.16) 


after some straightforward manipulations and using in the second line that the masses sum to zero. 

i 

Before writing down non-pert should first remark that for n = 0 only Young diagrams Y 
not containing a box with coordinates (column, row) = (m + 1,1), he., satisfying W(Y) < m, have 
non-vanishing contributions. We can thus use m as W in ()5.3p and ()5.6I) and obtain 


yj',^ _ 

■^SW,non-pert. 

, nr.i(i+‘"o- u+u)y. nfiinr., nk, - m- p+(,- p) 

Y 


nr=i(i+n:".=i (i+ ^^(s - r) +^ - 


r-\-l 


(5.17) 


where the prime indicates the restriction W(Y) < m. 

Expression ()5.14p should be compared to the 5^ partition function of an A7 = (2, 2) super- 
symmetric U{m) gauge theory with Nf^ = 1 fundamental chiral multiplets, Nj — = Nj — 1 

anti-fundamental chiral multiplets and an adjoint chiral multiplet (see footnote EZl). In the confor¬ 
mal case, Nf = 2N(. = 2, this partition function was computed in [62] (see their section 2.3.1) and 
we find almosl0 perfect agreement upon identifying 


^ ^ 0 ^^ + {m- 1 )tt , = 0 > (5-18) 

Sym 


and 

— ib'^ = mx , bMj — ih^ — i/2 = m , —bMk(^^j) + - = m . (5.19) 


where we denoted the masses in the two-dimensional theory as m for the fundamental chiral multi¬ 
plet, m for the anti-fundamental chiral multiplet, and mx for the adjoint chiral multiplet. In partic- 
ular we find that non-pert precisely equals the vortex partition function of the two-dimensional 
theory. 


discrepancy arises from the factor (b '^j**’*- Y+®< 5 / 2 )"i 2 


in the perturbative part. 
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A Sigma matrices and Spinors 

In this appendix we review our conventions, following [22], for spinors and cr-matrices. 

A.l Spinors 

The spinor indices a, /3,... = 1,2 and d, /3,... = 1,2 of (anti-)chiral spinors ijja, are raised and 
lowered by antisymmetric e-tensors, which take values e^^ = —ei 2 = e^^ = = 1, as follows: 

-0“ = . (A.l) 

The spinor product is denoted by parenthesis ( ) and defined as 

{^px) = , ii’X) = • (A.2) 

A symplectic-Majorana spinor 'ijjj or xjjj is a doublet of chiral or anti-chiral spinors satisfying 

■ (A.3) 

The doublet indices /, J, AT, ... = 1,2 are raised and lowered by with = —£12 = 1, 

as Xj = £ijX‘^. Note that and are semi¬ 

positive products. 

Finally, given symplectic-Majorana spinors or one can define several useful bilinears, 
including 

(A.4) 

where we used the cr-matrices introduced in the next subsection. 

A.2 (T-matrices and Fierz identities 

We introduce the cr-matrices (cr“)Q,^, (cr“)““, for a = 1,..., 4, as 

0 -“ = (-in,-ir 2 ,-ira, 12 x 2 ), = (in, *^ 2 , irs, 12 x 2 ) ■ (A.5) 
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They satisfy the defining anti-commutation relations a°'a^ + = 26^^12x2, and d“cj^ + d^(T“ = 

26^^12x2- We further introduce the anti self-dual = ^(cr^d^ — (T^d“), and self-dual d“^ = 

i(dV -dV). 

The basic Fierz identities are (for commuting spinors 

crf,'4’l{'tp2^^'llj3) = 2V’3('</’2'iAl) > d-^'i/’l(V’20-M'^3) = 2^3 ('02'i/’l) ; (^-6) 

V'l (V'2V'3) - lO'abV'l ('02<7“V3) = 2-03 (^2V'l) , 'iAl(^2^3) “ (^2Cr“^^3) = 2^3(^2^l) • 

(A.7) 


Combining the Fierz identities in the second line, one can replace spinor products with tensor 
products of bilinears, 


vs 4s 


(A.8) 


These identities will be useful in section [2] for rewriting the Q-exact deformation terms. 


B J\f = 2 Vector Multiple! and Hypermultiplet 

J\f = 2 Killing spinors on Eculidean four-manifolds. As discussed in m (see also [231163]). 

four-dimensional M = 2 supersymmetric theories can be placed on compact Euclidean manifolds 
with metric g^u if one can find symplectic-Majorana spinors and solving the generalized Killing 
spinor equations 

Df,(i = -T^^(7\p(Ti,h - 
Dpii = - iap^j 

and the auxiliary equations 

ai^a^DpD.Ci + ^DxTp,a>^'^ = M^i 

a^a'^DpD.ii + = M^j . 

Here = 1,2 denote SU{2)'ji indices. The generalized Killing spinor equations and auxil¬ 
iary equations contain the real (anti-) self-dual tensor background fields and the scalar 

background field M. Moreover, the covariant derivatives contain an SU{2)'fi background gauge field 
{YpYj. The spinors are arbitrary anti-symplectic-Majorana spinors. These primed spinors 

and the background fields T, T, M, and V are part of the freedom in solving the equations. We 
take and to be bosonic spinors satisfying the above equations and denote the corresponding 
supercharge as Q. 


(B.l) 


(B.2) 
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Vector Multiplet. An off-shell Af = 2 vector multiplet contains the gauge field A^, complex 
scalars (/>, (p, (anti-) chiral symplectic-Majorana spinors A/ and A/, and an SU{2)ti triplet of auxiliary 
fields D{ij)- Their transformation rules are given by [22] 


QA^ = 

Q4> = -i 
= +i{¥Xi) 

QXi = + 80 V) + 2 (V<(>) + 2i6[0,0] + 

QA/ = V + 80 V) + - 2z6[0, 0] + 

_ QDij = -(l/d^VAj) + - 2[0, iiiXj)] + 2[0, (C/Aj)] + {I ^ J) ■ 

The supersymmetric Yang-Mills action is given by m 

i + 16 V + 640^ + 6402 VV 

- 4V0^'^<(> + 2M00 + 4[0,0]2 - 2f(A^a^VA/) - 2(A^[0, A/]) + 2(V[0, A/]) , 

(B.4) 


-^YM = [ d^^Xy/gTi 

9wm J 


which is positive definite upon imposing the reality properties 


Al = A^, 0^ = -0, {Du)^ = . (B.5) 

on the bosonic fields, while one maintains the symplectic-Majorana nature of X^, y. If the gauge 
group contains a U{1) factor, one can also introduce a Fayet-Iliopoulos term. Introducing an 
SU{2)ti triplet background field satisfying 


= -2if + 2Tf^'^a^,e , w'-^b = -2i~f + 2VVC" , (B.6) 


one can write the invariant action [22] 


5fi = 


J d'^xVTrpi 




M(0 + 0) - 640T^"V - 640r'^"V - 8T'^"(V + b-)] > 

(B.7) 


where Trpi denotes a trace that weighs each 17(1) factor in the gauge group with its own Fayet- 
Iliopoulos parameter ,^fi- 
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Hypermultiplet. An ofF-shell Af = 2 hypermultiplel@ consists of scalar fields qiA, the fermions 
and the auxiliary fields Fj/a- Here A, B,C,... = 1,2 denote USp{2) indices (which is 
broken to the Cartan upon gauging), and I', J ',... = 1, 2 are SU{2)t^i indices. Furthermore ijjA and 
'ij^A are fl-symplectic-Majorana spinors. 


(V’aA)''' = 

while q and F (canonicalljQ) have reality properties 


(B.8) 


{qia) = , {FrA) = Fjib , 


ABJ'J' 


(B.9) 


where H 12 = —= — 1 is the symplectic form of USp{2). Note that the reality property of q 
implies it can be written as 


qi=i = 



qi =2 


-q^ 


(B.IO) 


The A = 1 and A = 2 components reside in complex conjugate representations 91,91 of the gauge 
and/or flavor group G. A hermitian generator T E g in representation 91 acts on any field Ka as 


T-Ka 


TKi \ 

-T*K2 ) ’ 


and thus an adjoint field S = acts as 


E-Ka = • Ka 


0 

0 


Ka=i \ 
Ka=2 ) 


(B.ll) 


(B.12) 


The supersymmetry transformation rules are [22] 

QqiA = -i iiii’A) + i{^iipA) 

QiI;a = -2a^i^D^qiA - • qiA - 2 C^'Fba 

< QipA = D^qiA - a^D^pJqiA + • qiA - 2^^' FpA (B.13) 

QFi'a = iiCi'O-^D^tpA) - 2{Cr4> ■ iPa) - ‘2:{Ci'\.j)qA + ‘^'^T^uiCi’^^’^'pA) 

-i{Qra^D^'pA) + 2{Ci'p ■ iPa) + 2{Qii\j)qj^ - 2if^u{0'^^'''^A) ■ 

^'’The multiplet is off-shell with respect to the particularly chosen supercharge Q corresponding to the Killing 
spinors ii,h- 

^^The reality property of Fia will be changed in (IB.1511 to {Fj/a) = Fj^g to ensure a positive definite 

action. 
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where the extra symplectic-Majorana spinors ( and ( satisfy 


(00') = iiiO') , (O'U ) = s , (C,^ O') = s , + (C^ (T^O') = 0 . (B.14) 

The supersymmetric action for the hypermultiplet is Q-exact [22] on the ellipsoid and thus does 
not play a role in the localization computations of this paper. One should remark though that it 
is only positive definite upon choosing the alternative reality properties for the auxiliary fields 

Supersymmetry algebra. The supersymmetry algebra takes the form 

= -2i4+^+^ + Gauge(ci>) + Scale(u;)+R^(i)^(0)+R5f/(2), +^51/(2)^, , 

(B.16) 

where denotes a gauge, SU(2)tz and 5C/(2)7^/-covariant Lie derivative along the vector 

held R, and SU{2)tii rotates the hypermultiplet auxiliary helds. The parameters are given by 


Ill 


(B.17) 

4> = 2i(j)s + 2i^s , 


(B.18) 

w = -2 (({'{';) + ({,{")) , 


(B.19) 

e ^ - ((J'S) - («;{")) . 


(B.20) 



(B.21) 

= 2iiCpa^D^Cj')) - 2i(D^(pa^Cj,)) + 4i{0ra’^%iCj>)) - 4f(C(,,d'='Az6o) • 

(B.22) 


As in [22], we restrict ourselves to Killing spinors 0^0 such that no scale or U{l)r transforma¬ 
tions appear in The conditions 


(^ii) = dii'^) = 0 


(B.23) 


can be solved for and as 

0 = . (B.24) 

C Killing Spinors And Complex Structures 

In this subsection we introduce almost complex structures whose existence is guaranteed by having 
a solution to the generalized Killing spinor equations (|B.ip and the auxiliary equations (jB.2p . They 
will turn out to be useful when analyzing the singular solutions to the BPS equations. 
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The interplay between supersymmetry and geometry is quite rich, as for example observed for 
four-dimensional theories with four or fewer supercharges in |641468| . It is clear that we are only 
scratching the surface here, and a more in depth analysis would be very interesting. 


C.l Locally Almost Complex Structures 

Let and to be the solutions to the generalized Killing spinor equations (IB.ip and the auxiliary 
equations ()B.2ll . Then given any symplectic-Majorana spinor xi and xi such that {^ix^) = 0) 
i^iX^) = 0) oae can define two almost complex structures away from the zeros of ^ and ^ 

^ , (C.l) 

y/SS^ V 

where = (x^xi)i = ixiX^) are both positive semi-definite. Using Fierz identities, it is easy 
to check that 

= -5') , J^xJ\ = J^xJ\ ■ (C.2) 

Where ^ is non-zero, one can write xi = or xi = and similarly for y, where 

mij is a triplet of functions satisfying rrTJj = and is a real anti-self-dual 2-form. 

The two representations are interchangeable, for instance, m/j and are related by 

"lAti/C/j = ^smij. (C.3) 


In the following, when we need to, we pick the representation of xi using mij, and similarly for 
XI- 

On open sets where the locally almost complex structures are defined, one can introduce the 
decomposition of tangent vectors with respect to J and J respectively: 


JX^’^ = -iX°’^ ’ I = -iX°’^ 


A (p, g)-type vector can be characterized using spinorial equations. First of all, taking JX = iX 
as an example. 


JX = iX^ { 




/ss 


1 


= 0 


/ss^ 


+ *— {x^d^^vXl) 


(C.5) 


= 0 


Multiplying X^ to the two equations on the right, and subsequently taking their sum, it is easy to 
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verify that one obtains a semi-positive product 


I,a 








(C. 6 ) 


where A“ = ^Sx^^^X /7 + *'S ■ Therefore, 


JX = iX^Xi = (sx = 0 • 

Similarly, one can derive the spinorial condition for X to be {p, q)-vector of J or J: 

( JX = iX^ A^cr^ = 0 

\ JA = -iX ^ A^d^ = 0 ’ 

( JX = iX^ X'^a^ - is-^'‘^h) = 0 

\ JA = -iX ^ A = 0 


(C.7) 


(C. 8 ) 


(C.9) 


C.2 Integrability 

It is possible that the almost complex structures induced by Killing spinors are integrable. In the 
following, we consider xi = and study the conditions for J to be integrable. 

Before moving on to the detail, let us make a remark. Notice that is anti-self-dual and J^^, 
is self-dual. That implies that, with the implicitly chosen orientation, one has the decomposition 
of self-dual and anti-self-dual 2 -forms 


n+ = nY ® 

J J 

fi- = ® T • 11° = 


(C.IO) 


where the prime indicates removing components along J and J in the first and second line respec¬ 
tively. Therefore, for instance, if A, Y are (1,0) j vectors, then any self-dual 2-form ® satisfies 


(A,y) = 0 


(C.ll) 


because Cj has no components in ■ 

Let A, Y be (1,0) j vectors with respect to J. We wish to analyze which conditions guarantee 
that their Lie bracket is still of type (1,0) j, f.e., we want to study when 

(A'^v^y" - y^v^A") d, + is-^/Hi) = o • (c.12) 
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(C.13) 

(C.14) 


Note that = sA4, hence the condition can be rewritten as 

0 = + i^) 

= (X^y" - X"y^) cr, O + 

= (X^y" - X"y^) a,D^ O 

- (X^y" - X"y^) + idj ) (r^Pa.axpCT^b + ia^^c) . (C.15) 

Using the fact that a self-dual 2-form has no (2,0) j components and {^pCTXpCFy — fj, u) = KT^y, 

the condition reduces to 


0 = (x^y*^ 


X^Y^^) 


ayD^iM-^/^m/)^j + ij + ih) 


(C.16) 


This expression vanishes and therefore J is integrable if 


D,, I . ^ mi-^ = 0 , = r°’2 = 0 


x/rriKLm^^ 


(C.17) 


D Geometry of Ellipsoid 


D.l Some useful properties 

Let us hrst list a few useful general properties of the bilinears (IA.4P one can construct given a 
Killing spinor solution and As a direct consequence of (jB.ip . one finds 

. dpS = m^{Tpy - Spy), dpS = SR'^ifpy - Spy). 

• dKpy = 8s{Tpy - Spy) + 8s{fpy - Spy), wHch impLes R^dtipy = dp{ss). 

Following [22], we define 


WIJ = 4s-^e>^’^j{Tpy - Spy), WIJ = -4s-^e>^’^j{fpy - Spy) . (D.l) 


By a Fierz identity, wjj and wij satisfy 

= -iTpy-Spy)a^'^Cl, , Wui-^ = -ifpy-Spy)d^'^il . (D.2) 

D.2 Ellipsoid 

The ellipsoid can be dehned by its embedding equation in 

„2 2 I 2 2 I 2 

^ = 1 ■ (D-3) 

p2 P p I 
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Introducing polar coordinates 


xi = i sin p cos 9 cos p , 
X 2 = i sin p cos 9 sin p , 


xq = r cos p , 


X 3 = i sin p sin 9 cos x , 
Xi = i sin p sin 9 sin x , 


(D.4) 


its metric can be written in terms of the vielbeins 


= isiw pcos9 dp , = £ sin/? sin 0 dx > = f sin p d9 + h dp , = g dp , (D.5) 

where / = \/sin^ 9 + P cos^ 9, g = sin^ p + cos^ p, and h = cos p sin 9 cos 9. 

In [22], a solution to the generalized Killing spinor equations (IB.ip and the auxiliary equations 
(lB.2p . also satisfying the orthogonality condition ()B.23p . was found. It reads 

1 . p ( \ 

6=1 - 2 2 _(p{x+v+0)/2 J 

“ 2 2 gi{-X-‘P+ 9 )l 2 J 


~ i p 

cT=i = - COS - 
^ 2 2 


~ i p 


qKx+V-S)/2 
—gi{x+‘P+d)/2 I 

/ gi{-X-<P-S)l2 
i e*(-X-¥’+6)/2 


(D.6) 


The corresponding explicit expressions for the auxiliary fields 5^1/, and M can be 

found in [22] , 

Introducing tq = cosdri + sin0r2 and r 2 ,e = iTer^, one can note that and are eigenvectors 
of tq: = —^ 1 , TeC 2 = C 2 , = —.^ 1 , T 0^2 = ^ 2 - Furthermore, one finds for the simplest 

bilinears defined in (jA.4p 

•s = = sin^^ , s = = cos^l , R>^ = (cosde^ + sin06^) . 

(D.7) 

In particular one finds that s + s = 1. It is also important to note that wij and wij defined in 
(jP.lh are equal on the ellipsoid and using (ID.21) can thus be used to dehne a Fayet-Iliopoulos action 
as in (|B.7p . 

As discussed in appendix 1C. 11 one can define various almost complex structures away from the 
north or south poles. In particular, we consider 


= 2is-i(0i2)^ , = 2i5-i(0i2)^ . (D.8) 

where J is defined away from the north pole (p = 0), and J is dehned away from the south pole. 
Here we chose xi oc and xi oc In vielbein indices, the two almost complex 
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structures read 


J = 



0 

0 

— sin 0 

— cos 9 


' 0 

0 

— sin 0 

cos 9 


0 

0 

cos 9 

— sin 0 


0 

0 

cos 9 

sin 0 






, J = 






sin 9 

— cos 9 

0 

0 


sin 0 

— cos 9 

0 

0 

1 

cos 6 

sin 9 

0 

0 > 


1 — cos 9 

— sin 0 

0 

0 > 


(D.9) 


One can verify that the conditions (IC.17P are satisfied and thus that they are integrable. 

Note also that the forms 0/j and 0/j for equal indices I = J are elements of the (2,0) or 
(0,2)-forms with respect to J and J: 


011 e 022 G 011 G nf, 022 G ny (D.IO) 

Near p = 0, the complex structure J reduces to the opposite of the usual complex structure on 
parameterized by (xi,X 2 ,X 3 ,X 4 ), and Tj’^ = spanjc^aj^ + idx^idx^ + idx 4 }- 


D.3 Round 

Setting i = i = r, the ellipsoid in ()D.3p becomes the round sphere of radius i. 0n this round 
geometry, various simplifications occur and some special properties help simplify the discussion. 
First of all, some of the auxiliary fields appearing in the generalized Killing spinor equations and 
the auxiliary equations vanish: 

V = V = = 0 > (D-11) 

while the auxiliary field M is simply given by 


M = - 


4 

F ■ 


(D.12) 


For and one finds 

^1 2^^^ ^ 2^^^ ^ ^ * 

Recalling that dn can be expanded as in (ID.ljl . one finds on the round sphere, = 
SsS^u- Hence one has 


(D.13) 

-8sSfj,u - 


— 8 sS^i, — si J^v — ( 012 ) 141 /) 

= - 8 sSf ,^ = = -2i£"^ (©12)1,4/. 

and R^{S^u + S^y) = 0. 


(D.14) 
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Finally, the triplet of functions wjj = wjj defined in (ID.ip read: 


1 

Wl2 = W2l = Wi2 = W21 = , 


Wn = W22 = Wii = W22 = 0 . 


(D.15) 
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